The possibility that in the mass range around 10 −12 M most of dark matter constitutes of primordial black holes (PBHs) is a very interesting topic. To produce PBHs with this mass, the primordial scalar power spectrum needs to be enhanced to the order of 0.01 at the scale k ∼ 10 12 Mpc −1 . The enhanced power spectrum also produces large secondary gravitational waves at the mHz band. A phenomenological delta function power spectrum is usually used to discuss the production of PBHs and secondary gravitational waves. Based on G and k inflations, we propose a new mechanism to enhance the power spectrum at small scales by introducing a non-canonical kinetic term [1 − 2G(φ)]X with the function G(φ) having a peak. Away from the peak, G(φ) is negligible and we recover the usual slow-roll inflation which is constrained by the cosmic microwave background anisotropy observations. Around the peak, the slow-roll inflation transiently turns to ultra slow-roll inflation. The enhancement of the power spectrum can be obtained with generic potentials, and there is no need to fine tune the parameters in G(φ). The energy spectrum ΩGW (f ) of secondary gravitational waves have the characteristic power law behaviour ΩGW (f ) ∼ f n and is testable by pulsar timing array and space based gravitational wave detectors.
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Introduction.-The overdense inhomogeneities in the very early universe could gravitationally collapse to form primordial black holes (PBHs) [1, 2] . PBHs could have a vast range of masses in contrast to the black hole (BH) formed from the stellar evolution process, and they were used to explain the BH binary detected by LIGO and Virgo Collaboration [3] [4] [5] [6] . Due to the failure of direct detection of particle dark matter (DM), it is warranted to consider the possibility of PBHs as DM candidate [7] [8] [9] [10] [11] [12] [13] [14] [15] . While light PBHs with mass M < 10 15 g have been evaporated by now through the Hawking radiation [16] , the mass window for PBHs as DM was strongly constrained by observations [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
The production mechanism of PBHs could be the direct collapse of primordial curvature perturbations generated during inflation after horizon reentry. The amplitude of the primordial curvature perturbation at large scales is constrained by the cosmic microwave background (CMB) anisotropy measurements to be A s = 2.1 × 10 −9 at the pivot scale k * = 0.05 Mpc −1 [33] , and the formation of PBHs requires the amplitude of the primordial curvature perturbations A s ∼ O(0.01). Hence the enhancement of the amplitude should happen at small scales and this may be achieved by a field with inflection point [34] [35] [36] . Near the inflection point, the velocity of the inflaton dramatically decreases and the amplitude of the curvature perturbation is enhanced [37] [38] [39] [40] [41] [42] [43] [44] [45] . The production of PBHs by the enhanced primordial curvature perturbation is accompanied by the generation of secondary gravitational waves (GWs) [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . There are other mechanisms to generate PBHs and GWs at the early universe [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] . However, it is a challenge to fine tune the model parameters to enhance the amplitude of the primordial curvature perturbation to the order of O(0.01) while keeping the total number of e-folds to be N 50 − 60 [72, 73] . A phenomenological delta function power spectrum is usually used to discuss the production of PBHs and secondary GWs [51, 74, 75] . In this paper, based on the k inflation [76, 77] and G inflation [78] [79] [80] [81] , we propose a new mechanism to achieve the order O(0.01) power spectrum at small scales by introducing a non-canonical kinetic term [1 − 2G(φ)]X with the function G(φ) having a peak at φ r . The productions of PBHs and secondary GWs are also discussed.
where X = −g µν ∇ µ φ∇ ν φ/2, K and G 3 are general functions of φ and X. Assuming that the function G 3 depends on φ only, we can turn the term G 3 (φ) φ to be −2G 3φ X by partial integration, where G 3φ = dG 3 (φ)/dφ. Taking the function K(φ, X) = X − V (φ), then the G inflation model becomes a k inflation model [76, 77] ,
where G(φ) = G 3φ . By assuming a spatially flat Friedmann-Walker (FRW) metric and a homogeneous scalar field φ = φ(t), and varying the action (1), we get the Friedmann equation and Klein-Gordon equation
where G φ = dG(φ)/dφ. We define the slow-roll parameters
arXiv:2001.05909v1 [gr-qc] 16 Jan 2020 so slow-roll inflation is realized when | i | 1, where i = 1, 2, 3, 4. By using Eqs. (3) and (4), the first slowroll parameter 1 can be expressed as
To the first order of approximation, the quadratic action for the curvature perturbation ζ is [77, 78] ,
wherez = aφ H , F = G = 1 − 2G, and the prime represents derivative with respect to the conformal time τ . Since the sound speed for the scalar mode is c 2 s = F/G = 1, so there is no problem with ghost and gradient instabilities. The scalar power spectrum is
and the scalar spectral index is
The scalar field does not affect the tensor perturbation, so the tensor power spectrum is [77, 78] 
and the tensor to scalar ratio reads
From the expression (9) for the scalar power spectrum, it is easy to get the enhancement of the power spectrum if the function G(φ) has a peak. To be specific, we choose
where the parameters φ r and c have the dimension of mass, c controls the width of the peak and the dimensionless parameter d determines the height of the peak. To get the enhancement over seven orders of magnitude, d is in the order of 10 8 . The number of e-folds around the peak is
Apparently, the number of e-folds around the peak can be very large. To keep the total number of e-folds before the end of inflation to be N 50 ∼ 60, the peak width c should be small.
Due to the peak in G(φ), we may worry about the exit of inflation around φ r because of Eq. (7) . However, Eq. (5) tells us that around the peak 2 ≈ 3 andφ decreases dramatically. Therefore, it behaves like ultra slow-roll inflation [82] [83] [84] around φ r . When inflaton rolls close to φ r ,φ 2 G φ decreases and V φ gradually dominates oveṙ φ 2 G φ , so 2 decreases. When the inflaton rolls into the regime whereφ 2 G φ < 0 and 2 < 0,φ gradually increases toward the end of the inflation.
Because of the violation of slow-roll conditions, the expression (9) for the scalar power spectrum may not be applied and the enhancement of the power spectrum may not reached. Let us exam how the power spectrum could be enhanced without using the formulae (9) . The Fourier component of the curvature perturbation satisfies
where z = (1 − 2G) 1/2z and
When the velocity of the scalar field dramatically decreases and 2 > 3, the friction term in Eq. (15) transiently changes sign, i.e., z /z < 0, as shown in Fig. 1 .
The friction term becomes a driving term and hence the curvature perturbation ζ k increases and the power spectrum is enhanced in this regime.
To show how the model and the above enhancement mechanism work, we consider the power law potential V (φ) = λφ p as examples. To be consistent with the observational constraint by CMB measurements [33] , we choose p = 2/5 and λ = 7.2 × 10 −10 . At the CMB scale k * = 0.05 Mpc −1 when the mode exits the horizon, the field value is φ * = 5.21, the scalar spectral tilt n s 0.97, the tensor to scalar ratio r 0.045, the amplitude of the power spectrum is A s 2.1 × 10 −9 and the number of e-folds before the end of inflation is N 54.
To get large enhancement O(0.01) at small scales, we choose the parameters in function G(φ) as listed in Table  I . As shown in Table I , the enhancement scale is adjusted by the parameter φ r . If φ r is further away from φ * , then the enhancement scale becomes smaller. As discussed above, the peak in G(φ) violates the slow-roll condition, so we numerically solve Eq. (15) to obtain the power spectrum and the corresponding values at the peak scales are shown in Table I .
In Fig. 1 we plot the evolutions of φ, 1 , 2 and z /(zaH) with the parameter set C. We see that around N ∼ 30 the inflaton rolls very slowly and its velocity decreases to be very small, so the slow-roll parameter 1 becomes negligible which enhances the power spectrum dramatically. Note that the slow-roll parameter 2 becomes very large and changes quickly, the term −2G(φ)X effectively flattens the potential and makes it behave like ultra slow-roll inflation.
In Fig. 2 , we show the results for the scalar power spectrum. At large scales, the power spectrum is in the order of O(10 −9 ), which is compatible with CMB constraints [33] . At small scales, the power spectrum is enhanced to the order of O(0.01), which is large enough to produce PBHs after the horizon reentry as discussed below. The models also satisfy the constraints from CMB µ-distortion, big bang nucleosynthesis (BBN) and pulsar timing array (PTA) observations [85] [86] [87] . PBH production.-When the primordial curvature perturbation reenters the horizon during radiation dominated era, it may gravitationally collapse to form PBHs. The PBH mass is equal to γM hor , where M hor is the horizon mass and we choose the factor γ = 0.2 [88] . The current fractional energy density of PBHs with mass M to DM is [12, 36] 
where M is the solar mass, g * is the effective degrees of freedom at the formation time, Ω DM is the current energy density parameter of DM, the fractional energy density 0.01 100.00 10 6 10 10 10 14 10 18 10 -11 The results for the scalar power spectrum. The blue line uses the parameter set A, the solid black line uses the parameter set B, the oranges line uses the parameter set C, and the dotted black line uses the parameter set D. The lightgreen shaded region is excluded by the CMB observations [33] . The yellow, cyan and orange regions show the constraints from the PTA observations [85] , the effect on the ratio between neutron and proton during the big bang nucleosynthesis (BBN) [86] and µ-distortion of CMB [87] , respectively.
of PBHs at the formation is [89] [90] [91] 
δ c is the critical density perturbation for the PBH formation, σ(k) is the mass variance associated with the PBH mass M (k) smoothing on the comoving horizon length k −1 = 1/(aH) [89, 90] 
and the Gaussian window function W (x) = exp(−x 2 /2). The effective degrees of freedom g * = 107.5 for T > 300GeV and g * = 10.75 for 0.5MeV < T < 300GeV. We take the observational value Ω DM h 2 = 0.12 [92] and δ c = 0.4 [91, 93, 94] for the calculation of PBH abundance. The relation between the PBH mass M and the scale k is [36] M (k) = 3.68 γ 0.2 g * 10.75 
With the approximation that the power spectrum is scale invariant, we get σ(k) (4/9) P ζ , and
where µ c = 9δ c /4. Substituting the obtained power spectrum into Eqs. (17), (18) , (19) and (20), we get the PBH abundances as shown in Table I and Fig. 3 . For the parameter set A, the model produces PBHs with mass M 27M and abundance f 1.48 × 10 −3 , which may explain the BBH event GW150914 observed by LIGO [3] . In this mass range PBHs cannot consist of all DM due to the constraints from CMB [27] . For the parameter set B, the model produces PBHs with mass M 2 × 10 −3 M and abundance f 0.017. For the parameter sets C and D, the model produces PBHs with mass M 10 −12 M . The produced PBH abundance is f 0.85 for the parameter set C and f 6 × 10 −3 for the parameter set D. In this mass range, the observational constraint on PBH abundances are absent [95] , so all DM can be PBHs. [27] , the red region from extragalactic gamma-rays by PBH evaporation (EGγ) [23] , the cyan region from galactic center 511 keV gamma-ray line (INTEGRAL) [31] , the orange region from white dwarf explosion (WD) [26] , the green region from microlensing events with Subaru HSC (Subaru HSC) [30] , the blue region from the Kepler satellite [24] , the gray region from the EROS/MACHO [22] . Secondary GWs.-In addition to the production of PBHs, the large density perturbations generated at small scales during inflation could produce secondary GWs and be tested by the future PTA observations and space based GW observatory. The Fourier components of the second order tensor perturbations h k satisfy [48, 49] 
with the source
where H = aH, ω = p/ρ, e ij (k) is the polarization tensor, the Bardeen potential Φ k = Ψ(kη)φ k , the transfer function Ψ in the radiation domination is
and the primordial value φ k is
Solving Eq. (21) by using the Green function method, we obtain the energy density of induced GWs generated in the radiation domination [44, 58, 96, 97 ]
where u = |k −k|/k, v =k/k, x = kη and I 2 RD is the oscillation time average. The integral kernel I RD is [44, 97] I RD = 
and an analytical expression for I RD was given in Refs. [44, 97] . Plugging the power spectrum in Fig. 2 into Eq. (25) and using Eqs. (23) and (26) we obtain the induced GWs and the results are shown in Fig. 4 . If we use the analytical expression for I RD in Ref. [96] , the difference on the secondary GWs is small for the power spectrum discussed in this paper. To compare the results with observations, in Fig. 4 , we also show the sensitivity curves for European PTA (EPTA) [98] [99] [100] [101] , the Square Kilometer Array (SKA) [102] , Advanced Laser Interferometer Gravitational Wave Observatory (aLIGO) [103, 104] , Laser Interferometer Space Antenna (LISA) [105, 106] , TaiJi [107] and TianQin [108] .
As shown in Fig. 4 , for the parameter sets C and D, the induced GWs are in the mHz band and could be tested by the future space based detector like LISA, TaiJi respectively. The pink dashed curve denotes the EPTA limit [98] [99] [100] [101] , the blue dotted curve denotes the SKA limit [102] , the red dot-dashed curve in the middle denotes the TianQin limit [108] , the dotted magenta curve shows the TaiJi limit [107] , the brown dashed curve shows the LISA limit [106] , and the gray dotted curve denotes the aLIGO limit [103, 104] . and TianQin. The induced GWs from the parameter set A have the peak frequency f ∼ 10 −10 Hz and those from the parameter set B have the peak frequency f ∼ 10 −7 Hz, both of them could be tested by SKA. Taking 4 years' observational time, the signal to noise ratio [109] for induced GWS from the parameter set C in LISA is SNR = 34655, SNR = 66359 in Taiji and SNR = 2496 in TianQin.
It is interesting to note that the energy spectrum of secondary GWs around the peak frequency can be parameterized as the power law form Ω GW (f ) ∼ f n [45, 67, 110] , and the parametrization of stochastic GW background is a powerful tool in probing the cosmic history [111] . As shown in Fig. 5 , for the parameter set A, Ω GW ∼ f 1.499 for f < f c = 4.4 × 10 −10 Hz and Ω GW ∼ f −2.8 for f > f c . For the parameter set C, Ω GW ∼ f 1. 41 for f < f c = 2.5 × 10 −3 Hz and Ω GW ∼ f −2.8 for f > f c . In the regions with f f c , the log dependent power index [110] is n = 3 − 2/ ln(1.1f c /f ).
Conclusion.-It is possible that most of DM constitutes of PBHs if the mass of PBH DM is in the order of 10 −12 M . To produce the order one f PBH with this mass, the curvature power spectrum needs to be in the order of 0.01 at the scale k ∼ 10 12 Mpc −1 . This large power spectrum also generates large secondary GWs at the mHz band which can be observed by the future space based GW observatory like LISA, TaiJi and TianQin. However, it is difficult to enhance the power spectrum for a single canonical field inflation. By considering non-canonical inflation like G or k inflation, we find a new mechanism to produce PBH DM and secondary GWs. In particular, the field dependent kinetic term [1 − 2G(φ)]X can arise from G inflation or k inflation, and we propose that the function G(φ) has a peak at φ r . The power spectrum is enhanced around the peak, the PBH mass and the frequency of secondary GWs are determined by the value of φ r . Away from the peak, G(φ) is negligible and we recover the usual slow-roll inflation which is constrained by the CMB observations. Around the peak, the potential becomes effectively a flat plateau and the slow-roll inflation transiently turns to ultra slow-roll inflation.
We use the power law potential as an example to produce non-negligible PBH abundances with masses around 27M , 10 −3 M and 10 −12 M , and secondary GWs with frequencies around 10nHz, 10 −7 Hz and mHz. The PBH DM with the stellar mass of 27M could be the black holes observed by LIGO and Virgo collaboration. To enhance the power spectrum by seven orders of magnitude, the parameter d should be in the order of 10 8 . The parameter c is in the order of 10 −10 so that away from the peak the function G(φ) is negligible and the usual slowroll is guaranteed. We give four parameters sets to show how the enhancement of the power spectrum at different scales can be achieved. By changing the parameter c from 1.4658×10 −10 to 1.461×10 −10 , the PBH peak abundances decrease from f PBH = 0.85 to f PBH = 0.006, so the model may accommodate more robust constraints on f PBH . The secondary GWs generated by the model have the characteristic power law behaviour Ω GW (f ) ∼ f n and are testable by either PTA or LISA/TaiJi/TianQin observations.
